UNIQUENESS OF GLOBAL STRONG SOLUTIONS TO THE 2D 
NAVIER-STOKES-VLASOV EQUATIONS 



CHENG YU 

Abstract. The uniqueness of global strong solutions to the Navier-Stokes-Vlasov equa- 
tions in two spatial dimensions is proved by a priori estimates and semigroup analysis. 



1. Introduction 

The goal of this paper is to establish the uniqueness of global strong solutions for two 
dimensional Navier-Stokes-Vlasov equations: 

d t u + u • Vu + VP — /iAu = - / (u - v)/ dv, 

divu = 0, ^ L ' L ) 

flt/ + v-Vx/ + div v ((u-v)/) = 

m (0,T) xM 2 xM 2 , with the following initial data 

u(x,0) = u (x), /(x,v,0) = / (x,v), (1.2) 

where u is the velocity of the fluid, p is the pressure, fx is the kinematic viscosity of the 
fluid. Without loss of generality, we take fi = 1 throughout the paper. A distribution 
f(t,x,v) depends on the time t £ [0,T], the physical position x £ M 2 and the velocity 
of particle v € R 2 . The number of particles enclosed at t > and location x € M 2 in 
the volume element dv is given by f(t, x, v) dv. We refer the readers to [31 El [TJ |9j for 
more physical background and discussion of Navier-Stokes-Vlasov equations and related 
problems. 

There have been many mathematical analysis of Navier-Stokes-Vlasov equations and 
the related problems. The global existence results for Stokes- Vlasov system in a bounded 
domain was established in [6]. The existence theorem for weak solutions has been extended 
in [2], where the author did not neglect the convection term and considered the Navier- 
Stokes-Vlasov equations within a periodic domain. The weak solutions of Navier-Stokes- 
Vlasov-Poisson system with corresponding boundary value problem was obtained in pQ. 
The global existence of smooth solutions with small data for Navier-Stokes-Vlasov-Fokker- 
Planck equations was obtained in [5]. More Recently, the existence theorem for global 
weak solutions with large data for Navier-Stokes-Vlasov equations in a bounded domain 
was established in [ID] . 

However, there is no existence theory available for the Navier-Stokes-Vlasov equations 
with initial data in the whole space. Compared to [21 IIP] , the new difficulty is the loss of 
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compactness of J R2 / dv and J R2 v/ dv in the whole space. So the ideas in [21 [10] do not 
work here. Motivated by the work of [3J, we shall show the uniqueness of global strong 
solutions in two dimensional spaces by a priori estimates and semigroup analysis. Due to 
the regularity, we cannot extend our method to three dimensional space. 
In what follows, we denote 



m k f= / |v|"/dv, and M k f = / / |v|" / dwdx, 
Jr 2 Jr 2 Jr 2 

P= fdv, j = v/ dv. 

Jr 2 Jr 2 

It is easy to see that 

M k f = / m k fdx. 
Jr 2 

Here we state the following lemma due to [B]: 

Lemma 1.1. Suppose that (u, /) be a smooth solution to (|l.ip - (|1.2p . If /q € L p for any 

p > 1, we have 

\\f(t,x;v)\\ L p < e 2T ||/ ||LP, for any t > 0; 
and if |v| fc / G L 1 ^ 2 x M 2 ), then we have 

[ \v\ k fdvdx<C(2,T)(([ \v\ k f dvdx)w; + (||/o||r- + l)\H L r {0T . L 2 +k ^] + 

JR 2 xR 2 V JR 2 xR 2 J 

Our main result reads as follows 

Theorem 1.1. 7/u G W 1 ' 2 {R 2 ) is a divergence- free vector, f G L°°(0, T; L°°(1R 2 x E 2 ) n 
L 1 (M 2 x M 2 )), Mg/o < oo, i/ien i/iere exists a unique strong solution (u, /) to (|l.ip - (|1.2|) 
/or any T > 0. 

The strong solution to system fll . 1 H — tj 1 .2B is defined as follows: 

Definition 1.1. A pair (u, /) is called a strong solution to the system (|l.ip - (jl.2p if 

• u G L°°(0, T; VF 1 ' 2 (R 2 )) n L 2 (0, T; I^ 2 - 2 (1R 2 )); 

• f(t,x,v) > 0, for any (t,x,v) G (0,T) x M 2 x M 2 ; 

• / G L^jo.TiL 00 ^ 2 x M 2 ) nL^R 2 x M 2 )); 

• /|v| 2 G L^O^L^R 2 x R 2 )). 



2. A PRIORI ESTIMATES 

The aim of this section is to obtain some a priori estimates, and we start deducing the 
energy inequality. Multiplying by u the both sides of the first equation in (|l.ip , integrate 
over R 2 and by parts, we have 



/ -\u\ 2 dx+ [ \Vu\ 2 dx = - [ [ f(u-v)udvdx. (2.1) 

Jr 2 2 Ju 2 Jr 2 Jr 2 



d_ f 1 
~dt 
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Multiplying by (1 + ^|v| 2 ) the both sides of the third equation in (jl.ip and integrate over 
R 2 and by parts, one obtains that 



d_ 
~dt 



(2.2) 



(2.3) 



/ /(l + |v| 2 ) dvdx + [ [ f\u-v\ 2 dvdx 

JR 2 xR 2 Jm 2 Jr 2 

= / /(u — v)u dv dx. 

Jr 2 Jm. 2 

Using ([2J])- ([22]), one obtains 

4- ( I \u\ 2 dx+ [ /(1 + \v\ 2 )dvdx ) +2 / |Vu| 2 dx 

«* V^M 2 JR 2 xR 2 / JR 2 

+ 2 / /|u- v\ 2 dvdx < 0. 

JR 2 xM 2 

Taking the curl of the first equation in (jl.ip we obtain 

d t co + u • Vw - Aw = V T • (-u/> + j), (2.4) 

where w = curlu. Multiplying by w the both sides of (j2.4j) and integrating we obtain, 
after integration by parts, we have 

~|M|£, + ||Vu,||| 2 < C (||u|| 4 L4 + ||p|| 4 L4 + ||j|| 2 2 ) . (2.5) 

On the other hand, by (|2.3p . we have u G L 2 (0,T; ^ 1,2 (R 2 )), which implies 

u G L 2 (0, T; L P (M 2 )), for any p > 1. 

Thus we have M$f < oo by lemma 11.11 Applying Lemma 1 in [2] in two-dimensional 
space, we can control \\p\\i,4, and \\j\\ij2 by MqJ. Thus, we obtain that 

r T 

sup \\u>\\ 2 L 2 + / \\Voj\\ 2 L 2dt < C(T). (2.6) 

0<t<T Jo 

Thus we proved 

Proposition 2.1. Lei (u, /) 6e a solution of on [0,T], «iii/iu G VF 2 ' 2 (M 2 ) and 

/o G L°°(0,T; L°° (R 2 x M 2 ) n L 1 ^ 2 x r2 )); M e/o < C < oo, i/ien we have the following 
regularity: 

u G L°°(0,T; W ll2 (R 2 )) nL 2 (0,T;lf 2 ' 2 (i 2 )); 
/ G L°°(0,T;L°°(R 2 x M 2 ) n L 1 (M 2 x R 2 )). 

3. Local and Global Strong Solution 

Proposition 3.1. Let u G H^ 2 ' 2 (1R 2 ) be a divergence-free vector, f G L°°(0, T; L°°(R 2 x 
M 2 ) n L 1 (M 2 x M 2 )), Mg/o < C < oo, f/ien £/iere exzsis a iime To > depending on the 
initial data and a unique strong solution 

u G L°°(0, T ,PW 1 ' 2 (R 2 )) n L 2 (0,r ,P^ 2 ' 2 (l 2 )); 

/ G L 00 (0,To,L 00 (lR 2 x R 2 ) n L 1 (M 2 x M 2 )) 

o/ (jl-ip twiift i/ie initial data (uo,/o), where P is f/ie Leray-Hodge projector on divergence- 
free vector. 
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Proof. We define ||(u, /)\\b = || u l|x + ||/||y> where 

X = L°°(0, T ,FW 1 ' 2 (R 2 )) n L 2 (0, T ,FW 2 ' 2 (R 2 )), 

\\ u \\x = \\ u \\l^(o,t ,pw 1 - 2 (m. 2 )) + II u IIl 2 (o,t ,pvk 2 . 2 (r 2 )); 

and 

Y = T°°(0, T , L°°(R 2 x R 2 ) n L 1 (R 2 x M 2 )), 

Il/||y = H/llL°°(0,T ,L° o (R 2 xIR 2 )nL 1 (R 2 xR 2 ))- 

Clearly the spaces X, Y are Banach spaces, and thus B is Banach space. 

We let U = (u, /) in the Banach space B, define the operator U = T(U) in B, where 
T(U) = (u, /). Here u, / are given by the following ones 



u = e tA u + [ e ( *~ s)A P(u • Vu)ds + [ e ( '- s)A P(-/m + fids, 
Jo Jo 



(3.1) 

/=iV(u,v) where d t / + v-V/ + div v ((u-v)/~) = 0, f(x, v, 0) = f (x, v). 

We denote Q(u, iu) = J e^~ s ^ A P(u • Vtw), which solves 

<9 t Q- AQ = P(u- Vkj), Q(z,0) = 0. 
It is easy to obtain the following energy inequality, 

^IIAQll^ + IIVAQHis < ||V(u-V^)|| L2 ||VAQ|| L2 , 

then Ladyzhenskaya inequality for term involving Vu- Vw and the interpolation inequality 
for the term involving u • V(Vu>) to yield 



r±o 

sup ||AQ|| 2 2 + / ||VAQ|| 2 2 dt < CT ||u| 

0<t<T Jo 



2 II n 2 

x\\ w \\x- 



We denote L := f Q S ) A P(— pu + j)ds, which solves 

d t L — AL = P(-pu + j), L(x,0)=0. 

We multiply AL the both sides of above equation, and use integration by parts, 
rTo rTo rTo rTo 

sup ||VL|| 2 2 +2/ \\AL\\ 2 L2 dt< / \\AL\\ 2 L2 ds + / ||pu||| 2 ds+ / ||j||| 2 da, 
0</<V J n ' Jo Jo " Jo 

thus we have 

rTo rT 



sup ||VL||| 2 + 



/•-to r^o 

/ ||AL|| 2 2 cft< / (||p||| 4 + ||u|| 2 4 + ||j|| 2 2 ) da. 
Jo Jo 



0<t<T 

Applying Lemma 1 of [2] and Lemma we can control ||/3||x,4 as follows 

\\p\\ L * < Mef < C(M 6 / + ||u|| x ) 8 . 
Similarly, we can control the term ||j||x,2. Thus, we have the following estimate: 

rT 



sup I 

0<t<T 



\VL\\ 2 L2 + f ° ||AL|| 2 2( ft < C{1 + ||u|| x ) 8 . 
Jo 

We estimate N(u, v) as follows 

\\ N ( U , v )llL°°(0,T ,L°°(R 2 xR 2 )nL 1 (R 2 xR 2 )) < e 2T °||/o||y. 



UNIQUENESS TO 2D NAVIER-STOKES-VLASOV EQUATIONS 5 

Following the same argument of [2], we let g = e~ 2t f satisfy the following transport 
equation 

d t g + v • Vg + (u - v) • V v g = 0. 
The above equation can be written by characteristics method as follows, 

dx , . 

^ = u(t,x(t))-v(t), 

with the initial data 

x(0) = x and v(0) = v, 
and set x(^£; v ) = (x(t),v(t)) for any (t, x, v). Thus, we got the following solution 

f{t,x,\) = e 2t f (x(t,x,v)), for any (t,x,v). 

Thus we have 

||/i-/2||y <C|| X i-X2|k- (3.2) 
By the definition of x = (s,v), we have the following estimate 

||(Xl - X2)(t)||L°°(K2 xM2) 

<c( f ||(m -u 2 )(s)|| L oc (R 2 ) ds+ f (1 + ||u(s)||x)||(xi -X2)(s)||i,oo( R 2 X]K 2)ds 
Vjo jo / 

- C (f Q II(U1 — U2)(s)|| J L° C (R2)G?S + ^ ||(Xl-X2)(a)|U»(tta xR a)d*V 

Thus, for any i, apply Gronwall's inequality, to have 

llxi - X2||y < Cs||ui - u 2 ||x- 
This, together with (|3.2|) . implies that 

Wfi - h\W < Ce||ui - u 2 ||x- 

Thus 

||JV(ui,v) - JV(u a ,v)||y < Ce||ui - u 2 || x . (3.3) 

We establish the iteration U n+1 = T(U n ). It is easy to see that the sequences U n is 
bounded in B and convergence exponentially fast if we choose e small enough. If there 
exist A, D and e such that 

||u n |U<A lirilr<A 

then, by introduction and (|3.ip . we have 

||u n+1 || x < A +eA 2 + eC(l + A) 8 , \\f n+1 \\ Y < e 2To D . 

we can choose e small enough, such that e(l + A) 8 + eA 2 + Aq < A, and choose D such 
that e 2T °D < D. Thus, we conclude that the sequence is bounded in B, then we can 
obtain the exponential convergence of u n in X, f n in Y. 

□ 
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By Proposition 13. 1| there exists a unique strong solution on a short time interval [0, To]. 
For any given To > 0, there exists a constant K > such that 

e 2To \\f\\y<K, 

which implies ||/(Tn, x > v )\\y < K. This, together with the energy inequality and particular 
a priori estimates in Section 2, and apply Proposition 13.11 the unique strong solution can 
be extended to [To, To + T*]. One repeat many times, such a unique strong solution can 
be extended to the whole time interval [0, T] for any T > 0. 
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